The detection of gravitational waves by the Laser Interferometer Gravitational-Wave Observatory opens a new era to use gravitational waves to test alternative theories of gravity. We investigate the polarizations of gravitational waves in f (R) gravity and Horndeski theory, both containing scalar modes. These theories predict that in addition to the familiar + and × polarizations, there are transverse breathing and longitudinal polarizations excited by the massive scalar mode and the new polarization is a single mixed state. It would be very difficult to detect the longitudinal polarization by interferometers, while pulsar timing array may be the better tool to detect the longitudinal polarization.
Introduction
In September 14th, 2015, the Laser Interferometer Gravitational-Wave Observatory (LIGO) Scientific Collaboration and Virgo Collaboration announced the first detection of gravitational waves (GWs), namely GW150914 [1] , nearly 100 years after Einstein's prediction of GWs based on his theory of general relativity (GR). Soon after, two more GW events, GW151226 [2] , later that year, and GW170104 [3] early this year were observed. A new era is thus already open, and GW is a tool for testing GR and alternative theories of gravity, for GWs in alterative theories of gravity are predicted to have different polarization contents. The polarizations of null GWS with the propagation speed c were classified by the Newman-Penrose variables [4] in [5] . However, the application of the classification by the Newman-Penrose variables to the polarizations of GWs with the propagation speed different from c leads to confusing results [6] . Although LIGO presently cannot tell the polarizations of the observed GWs, it will become possible in the future when more interferometers are in operation. Other detectors, such as pulsar timing arrays, are also capable of distinguishing the polarization content of GWs [7] .
Since the birth of GR, various alterative theories of gravity have been proposed for different motivations. One of the motivations is to cure the nonrenormalizability of GR. For instance, the inclusion of quadratic terms in Riemann tensor R µνρσ in the action makes gravity renormalizable [8, 9] , and one simple realization of this idea is f (R) gravity [10] . Another motivation is to explain the present accelerating expansion of the universe [11, 12] . The addition of new gravitational degrees of freedom might do the work, and the scalar-tensor theory is the simplest alternative metric theory of gravity which contains a scalar field φ besides the metric tensor g µν to describe gravity. In 1974, Horndeski constructed the most general scalar-tensor theory of gravity whose action has higher derivatives of φ and g µν , but yields at most second order differential equations of motion [13] . Therefore, there is no Ostrogradsky instability [14] .
In this talk, we will discuss the polarizations of GWs predicted by f (R) gravity [6] and Horndeski theory [15] . In Section 2, we focus on f (R) gravity. We will first resolve the debate on how many physical degrees of freedom are contained in f (R) gravity, recently raised by Refs. [16] [17] [18] [19] . Next, we determine the polarizations of f (R) gravity using geodesic deviation equations. In Section 3, we consider the polarizations of GWs in the scalar-tensor theory, in particular, Horndeski theory. We first determine the polarizations with similar method used for f (R) gravity, then we consider the possibility to detect the polarizations using the pulsar timing arrays and the interferometers. Finally, there is a brief conclusion.
Gravitational Wave Polarizations in f (R) Gravity
Utiyama and DeWitt showed that the addition of the quadratic terms R µνρσ R µνρσ and R 2 to the EinsteinHilbert action makes gravity renormalizable at one-loop level [8] , and then, Stelle proved the renormalizability at all loop levels [9] . In four dimensions, the volume integration of the Gauss-Bonnet term G = R µνρσ R µνρσ − 4R µν R µν + R 2 vanishes for a simply connected spacetime, as usually considered. So the general quadratic terms can be given by
where κ = 8πG N with G N Newton's constant, g is the determinant of g µν and α , α are constants. Setting α = 0, one obtains a model which was first proposed by Starobinsky as an inflationary model [20] , and is consistent with the observations of Planck [21] . One may thus generalize this action by considering a generic function f of R [10] ,
A special model with f (R) = R + βR −1 was applied to explain the late time cosmic acceleration [22] [23] [24] [25] , but the solar system tests have ruled it out [26, 27] . So more viable f (R) models were proposed recently [28] [29] [30] [31] [32] [33] [34] .
In fact, f (R) gravity is equivalent to a scalar-tensor theory [35, 36] , as the action can be rewritten as
where f (ϕ) = d f (ϕ)/dϕ. It can be easily shown that ϕ = R on-shell. The polarization content of GWs in f (R) gravity and the detection have been studied in Refs. [16, 17, 37, 38] . Authors of Refs. [16, 17] found out that the massive scalar mode induces the longitudinal polarization, and they claimed that there are four degrees of freedom using the Newman-Penrose (NP) formalism [4, 5] . Kausar et. al. supported this claim by arguing that the traceless condition cannot be implemented [18] . However, Myung's work shows that there is no issue with implementing the transverse traceless condition [17] , and there are only three degrees of freedom in f (R) gravity [19] . In Ref. [6] , we investigated the polarizations of GWs in f (R) gravity and attempted to resolve the debate on how many degrees of freedom propagating in this theory. As it will become clear soon, there are three physical propagating degrees of freedom in f (R) gravity. Therefore, there are the familiar + and × polarizations as in GR, and the transverse and longitudinal polarizations excited by the massive scalar mode ϕ = R. We also pointed out that the original NP formalism devised in Ref. [5] for identifying the polarizations of GWs in a generic metric theory of gravity cannot be simply applied to massive GWs. In order to reveal the polarizations, one simply calculates the geodesic deviations caused by the GW, provided that test particles follow geodesics, as usually assumed.
Equations of Motion
The field equations can be obtained by the variational principle,
where = g µν ∇ µ ∇ ν . Taking the trace of Eq. (4), we get
For the particular model f (R) = R + αR 2 , Eq. (4) becomes
Take the trace of Eq. (6) or using Eq. (5), we have
where m 2 = 1/(6α) with α > 0. The graviton mass m has been bounded from above by GW170104 as m < m b = 7.7 × 10 −23 eV/c 2 [3] , and the observation of the dynamics of the galaxy cluster puts a more stringent limit, m < 2 × 10 −29 eV/c 2 [39] . To obtain the GW solutions in the flat spacetime background, perturb the metric around the Minkowski metric g µν = η µν + h µν to the first order of h µν , and introduce an auxiliary metric tensorh
which transforms in an infinitesimal coordinate transformation
where to the first order of perturbation, the index was raised or lowered by the Minkowski metric η µν , i.e., µ = η µν ν . If we choose µ so that it satisfies ν = ∂ µh µν with = ∂ µ ∂ µ from now on, then we get the Lorenz gauge condition ∂ µh µν = 0. Note that there is still some residual gauge freedom, i.e., x µ = x µ + ξ µ with ξ µ = 0. If ξ µ also satisfies the relation ∂ µ ξ µ = −h/2, thenh = 0 holds. Therefore, it is always possible to choose the transverse traceless gauge condition
With this gauge condition, some algebraic manipulations lead to
Therefore, the equations of motion are Eqs. (7) and (11) .
The plane wave solution can be obtained immediately,
where c.c. stands for the complex conjugation, e µν and φ 1 are the amplitudes with q ν e µν = 0 and η µν e µν = 0, and q µ and p µ are the wave numbers satisfying
Physical Degrees of Freedom
In this subsection, we will find the number of physical degrees of freedom in f (R) gravity, using two different methods: examining the energy current carried by GWs and carrying out the Hamiltonian analysis.
Energy Current of GWs
The first method to determine the number of physical degrees of freedom is to calculate the energy current carried by the GW propagating, for example, in the +z direction. Let us consider the null GWs with q µ = ω(1, 0, 0, 1), then the energy current is given by [40] ,
where G (1) µν is the first order Einstein tensor. Note that to obtain the above result, the solution (12) is used, but the traceless condition is dropped. Eq. (15) makes it clear that a null GW for which e xx − e yy and e xy are both zero does not transport energy. So if a null wave has a nonvanishing traceh such that e xx + e yy 0, it does not carry energy, which implies that the traceh is not a dynamical degree of freedom. The null GWh µν is physically transverse and traceless, so has two degrees of freedom as in GR. In addition, the Ricci scalar R is the third degree of freedom. So totally, there are three degrees of freedom.
Hamiltonian Analysis
The Hamiltonian analysis of f (R) gravity has been done in Refs. [41] [42] [43] [44] [45] [46] [47] . In our work, we did the Hamiltonian analysis with the action (3) for simplicity. With the Arnowitt-Deser-Misner (ADM) foliation [48, 49] , the metric takes the standard form
where N, N j , h jk are the lapse function, the shift function and the induced metric on the constant t slice Σ t , respectively. Let n µ = −N∇ µ t be the unit normal to Σ t , and the exterior curvature is K µν = ∇ µ n ν + n µ n ρ ∇ ρ n ν . In terms of ADM variables and setting κ = 1, the action (3) is
where R is the Ricci scalar for h jk and K = h jk K jk . In this action, there are 11 dynamical variables: N, N j , h jk and ϕ. Four primary constraints are immediately recognized, i.e., the conjugate momenta for N and N j vanish weakly,
The conjugate momenta for h jk and ϕ can also be obtained, and the Legendre transformation results in the following Hamiltonian,
where we dropped the boundary terms. Thus, the consistence conditions yield four secondary constraints, i.e., C ≈ 0 and C j ≈ 0 1 , and it can be shown that there are no further secondary constraints. It can also be checked that all the constraints are of the first class, so the number of physical degrees of freedom of f (R) gravity is
as expected.
Polarization Content
To reveal the polarization content of GWs in f (R) gravity, let us calculate the geodesic deviation equations caused by the GW propagating in the +z direction with the wave vectors given by
Inverting Eq. (8), one obtains the metric perturbation,
where v = √ Ω 2 − m 2 /Ω. It is expected thath µν induces the + and × polarizations. So let us investigate the polarization state caused by the massive scalar field by settingh µν = 0. The geodesic deviation equations areẍ
Therefore, the massive scalar field induces a mix of the pure longitudinal and the breathing modes. The NP formalism [5] cannot be applied to infer the polarization content of f (R) gravity because the NP formalism was formulated for null GWs. In fact, the calculation shows that Ψ 2 is zero. According to the NP formalism, Ψ 2 = 0 means the absence of the longitudinal polarization. From Eq. (23), we see the existence of the longitudinal polarization. Since the six polarization states are completely determined by the electric part of the Riemann tensor R it jt , we can still use the six polarizations classified by the NP formalism as the base states. In terms of these polarization base states, the polarization state caused by the massive scalar field is a mix of the longitudinal and the breathing modes. Since there is no massless limit in f (R) gravity, so we consider more general massive scalar-tensor theory of gravity.
Gravitational Wave Polarizations in Scalar-Tensor Theory
As stated before, f (R) gravity is equivalent to a scalar-tensor gravity. We extended our work [6] to the scalar-tensor theory, and study the polarization content of GWs in Horndeski theory [15] . The action is given by [13] ,
where
Here, X = −∇ µ φ∇ µ φ/2, φ = ∇ µ ∇ µ φ, the functions K, G 3 , G 4 and G 5 are arbitrary functions of φ and X, and G j,X (φ, X) = ∂G j (φ, X)/∂X with j = 4, 5. Horndeski theory includes several interesting theories as its subclasses. For example, to reproduce f (R) gravity, one can set
Linearized Equations of Motion
The equations of motion can be derived with the variational principle. Interested readers should be referred to Ref. [50] . We are interested in the GW solutions in the flat spacetime background for which g µν = η µν and φ = φ 0 with a constant φ 0 . This requires that K(φ 0 , 0) = 0 and K ,φ 0 = ∂K(φ, X)/∂φ| φ=φ 0 ,X=0 = 0. Now the fields are expanded around the background, g µν = η µν + h µν and φ = φ 0 + ϕ. To the first order of approximation, the equations of motion are
where G 4 (0) = G 4 (φ 0 , 0), K ,X 0 = ∂K(φ, X)/∂X| φ=φ 0 ,X=0 and the mass squared of the scalar field is
Similar to Eq. (8), define a fieldh µν ,
and choose the transverse traceless gauge ∂ µh µν = 0, η µνh µν = 0 by using the freedom of coordinate transformation, then the linearized equations (25) become two wave equations,
Polarization Content
A inspection of Eq. (29) makes it clear that the fieldh µν denotes the usual massless gravitons and it has two polarization states, the + and × modes. The plane waves (12) and (13) are also the solutions to Eqs. (29) and (28) . For GWs propagating in the +z direction with waves vectors given by Eq. (21), one gets the following nonvanishing NP variables
where σ = G 4,φ 0 /G 4 (0). This result shows that the massive scalar field makes Φ 22 , Φ 00 , Φ 11 and Λ nonzero and they are all proportional to ϕ. However, for the NP variables associated with the Weyl tensor, only Ψ 4 0 and in particular, Ψ 2 = 0. In fact, Ψ 4 denotes the usual + and × modes for the massless gravitons. If the scalar field is massless, only Φ 22 is nonvanishing and it represents the transverse breathing mode [5] .
Next, let us focus on the GW induced by the scalar field ϕ. Settingh µν = 0 and inverting Eq. (27) to obtain h µν in terms of ϕ, the geodesic deviation equations arë
These expressions take essentially the same form as Eq. (23). Therefore, the massive scalar field excites the longitudinal and transverse breathing polarizations, while the massless scalar field excites only the transverse breathing polarization. As discussed in the previous section, Ψ 2 = 0 means the absence of the longitudinal polarization, however, there exists the longitudinal mode even though Ψ 2 = 0, so the NP formalism derived for null GWs cannot be directly applied to the massive GWs, and again the polarization state caused by the massive scalar field is a mix of the longitudinal and the breathing modes.
Experimental Tests
In the interferometer, a photon is emanated from the beam splitter, bounced back by the mirror and returns to the beam splitter. The propagation time when there is no GW does not equal the one when there is. Following [16, 51] , we calculate the interferometer response functions of the transverse and longitudinal polarizations in the frequency domain. To calculate the response functions, we assume the beam splitter is placed at the origin of the coordinate system. Figure 1 shows the absolute value of the longitudinal and transverse response functions for aLIGO to a scalar GW with the masses 1.2 × 10 −22 eV/c 2 [1] and 7.7 × 10 −23 eV/c 2 [3] . From this graph, it is clear that the response functions for the longitudinal polarization are smaller than that of the transverse breathing modes by several orders of magnitude at high frequency regime, so it is difficult to test the existence of longitudinal polarization by interferometer such as aLIGO.
It is possible to tell what the polarization content of GWs is by analyzing the data of the pulsar timing arrays [7, [52] [53] [54] [55] [56] [57] [58] . The stochastic gravitational wave background causes the pulse time-ofarrival (TOA) residualsR(t) of pulsars which can be measured [7] . The TOA residuals of any pair of pulsars (named a and b) are correlated. The cross-correlation function is defined to be C(θ) = R a (t)R b (t) where θ is the angular separation between a and b, and the brackets indicate the ensemble average over the stochastic background. Therefore, ζ(θ) has rather different behaviors forh µν and ϕ. In addition, ζ(θ) induced by ϕ is quite sensitive to small masses with m m b , while for larger masses, ζ(θ) barely changes. So this provides the possibility to determine the polarization content of GWs. In Ref. [55] , Lee also calculated the cross-correlation functions and his results (the right two panels in his Figure 1 ) are different from those on the right panel in Figure 2 , because in his treatment, the longitudinal and the transverse polarizations were assumed to be two independent modes. In our approach, it is not permissible to calculate the cross-correlation function separately for the longitudinal and the transverse polarizations, as they are both excited by the same field ϕ and the polarization state is a single mode.
We first studied the physical degrees of freedom in f (R) gravity with two different approaches. Both of them give the same result: three physical propagating degrees of freedom. We then solved the linearized equations of motion for f (R) gravity and obtained the plane wave solution. The geodesic deviation equations are computed to reveal the polarizations, and there are longitudinal and transverse breathing polarizations, in addition to the + and × polarizations. We also extended the work in Ref. [6] to Horndeski theory [15] . The analysis shows that the scalar field excites both the longitudinal and the transverse breathing polarizations if it is massive, while it excites only the transverse breathing polarization if it is massless. We find that Ψ 2 is zero in both f (R) gravity and Horndeski theory, and that the longitudinal polarization exists even though Ψ 2 = 0. The results show the failure of NP formalism [5] in classifying the polarizations of non-null GWs. Since the six polarization states are completely determined by the electric part of the Riemann tensor R it jt , we can still use the six polarizations classified by the NP formalism as the base states. In terms of these polarization base states, the polarization state caused by the massive scalar field is a mix of the longitudinal and the breathing modes. The interferometer responses functions were then computed and found out that it is difficult for interferometers to detect the longitudinal polarization. We also predicted the crosscorrelation functions. It implies the possibility of using pulsar timing arrays to detect the polarizations caused by the scalar field.
